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Path integral for coherent states of the dynamical U, group
and Uz; supergroup
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Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna, Russia

Received 27 October 1992, in final form 12 March 1993

Abstract. A path-integral formulation in the representation of coherent siates for the unitary Uz
group and Uy supergroup is introduced. Us and Ua); path integrals are shown to be defined on
the coset spaces Uz /Uy @ U and Uy /Uy @ Uy respectively. These cosets appear as carved
classical phase spaces. Partition functions are expressed as path integrals over these spaces.
In the case when Us and Uz are the dynamical groups, the corresponding path integrals are
evaluated with the help of linear fractional transformations that appear as the group (supergroup)
action in the coset space (superspace). Possible applications for quantum models are discussed.

1. Introduction

The standard path integral over fermionic and bosonic variables in the holomorphic
representation is widely used in various quantum-mechanical problems. Such an integral can
be thought of as an integral over the classical phase space associated with ordinary Fermi
and Bose coherent states (CS). These states provide a convenient basis for unitary irreducible
representations (UIRS) of the Bose oscillator group and Fermi oscillator supergroup, whose
Lie algebras consist of generators

o bt b1y and  {(fIAFLAD (1)
respecti\;'ely. The standard commutation (anticommmutation) relations are as follows
b, 6" = (/T f)=1.
Bose and Fermi CS can be represented as
s = expl—lal*/2) explabh O} "
16 = exp(85/2) exp(65 )0}

where o is a complex number and ¢ is a Grassmann parameter. By using decomposition
of unity in terms of states (2) ’ ' ’ ’ )

dede -
o d6d9=[B®IF§I 3)

i

f lezy (] (6} (8]
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one can obtain path integral with respect to the measure
baDaD§ DY )

which is to be understood as an infinite pointwise product of measures entering into equation

(3).

The path measure (4) is invariant énder linear shift transformations
o~ o+ ap 8 — 6+48. (5)

The corresponding classical phase space can be thought of as a direct product of a
complex plane and a complex flat Grassmann manifold. The Bose (Fermi) oscillator group
(supergroup} acts in this space through linear shifts (5). To be more specific, unitary
transformations

U(g) = explonb’ — &b +6oft — £60)

induce canonical transformations (5) in the classical phase space.

The flat path integral over measure (4) turns out to be very useful in the framework of
perturbation theory, as the unperturbed Hamiltonian Hy appears to be a linear combination of
generators (1). However, it is practically useless in attempts to go beyond the perturbation
expansion. This is merely due to the fact that the exact diagonalization of the whole
Hamiltonian H = Hy + Hiy requires more general transformations than those of the
harmonic-osciilator type.

Let G be a group of trapsformations that result in diagonalization of H. Then its Lie
algebra L is known to contain H as an element. L is then called the spectrum generating
algebra (SGA) and the corresponding group G is known as a dynamical group. Note that the
direct product of oscillator groups generated by (1) plays the role of the dynamical group
for Ho.

The new phase space (an orbit of the coadjoint representation of L) turns out to be a
curved one. The path integral over CSs associated with L is to be regarded as an integral
in a curved space with a much more complicated measure than that of equation (4). An
important point is that G acts in this space via linear fractional transformations, which
induce an appropriate change of integration variables in the corresponding path integral.

The concept of CSs associated with the UIRs of Lie group G was first introduced by
Perelomov (1972) and generalized to the case of supergroups by Bars and Giinaydin (1983).
Let us outline below the main features of this approach. Let L be a Lie algebra that has
the so-called 3-grading decomposition with respect to the Lie algebra Lo of its maximal
compact subgroup:

L=L""eLeL* _ (6)
Ly contains the generator @ of an Abelian U; factor, that gives the grading, i.e.
’=HeoO
and

[0,H]=0 [Q,L*]=L* [Q, L] = L1,
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The elements [ € L™ satisfy the formal commutation relations
[I™, "] e L* n,m=-—1,0+1 : @D

where L*1" = 0 for {n +m| > 1. For Lie superalgebras the same definitions (6), (7)
hold, but the bilinear product (7) is now understood to be either an anticommutator between
any two odd elements of superalgebra L or a commutator. The important point concerning
the decomposition (6) is that if there exists a set of ‘Towest weight’ states |{w) that are
transformed irreducibly under the maximal compact subgroup acuon and are annihilated by
all the annihilation operators =1, then the set of states

(LTHP|w) p=0,1,2,... - : (8)

form the basis for the irreducible representation of the whole group G. 1t then follows that
the generalized CSs associated with algebra L can be symbolically defined as

|CS) = exp (Zzﬁlai) |fw) )

i

where the «; are even or odd Crassmann parameters (depending on the bosonic or
fermionic nature of the raising operators Ir 1y. For ordinary Lie groups the o; are complex
numbers. The CS vectors (9) provide a convenient basis for constructing the path-
integral representation of systems with dynamical group G, the crucial point being that
the irreducibility of the states (8) ensures decomposition of unity in terms of C§ (9).

The topological and algebraic structure of the generalized CSs and associated path
integrals as well as possible applications to the time-independent and time-dependent
systems with dynamical symmetry have been extensively discussed in the review by Zhang et
al (1990). Note also the paper by Kuratsuji (1981) where the path integral over generalized
¢Ss is expressed as an integral over the complex phase space with a non-trivial geometrical
structure.

For phystcal applications, especially in quantum-optical models, it is canvenient to deal
with oscillator-like representations of the L-algebra generators. Then, all the L-generators
are expressed as bilinears of Bose (Fermi) creation and annihilation operators. As is well
known, n? bilinears

bibl [0, B =8  Lj=12...n

generate the Lie algebra of the U, group. To extend U, to the unitary Uy, supergroup, ane
has to add to the # bosonic operators m fermionic ones f,, u = 1,2, ..., m. Bilinears b; bf
and f f] ! respectively, form the Lie algebras of U, and U,,, under comrutation, whereas
Bose-Fermi bilinears bif,) ! and .bJf fx close into the set b;b f“ F} under anticommutation

(bif] bl fo} = 8 £1 fo + 8,blb. (10)

In the subsequent sections we will be concerned with the simplest cases n =2 and n = 2,
=], -



3492 E A Kochetoy
2. U; Lie algebra in the oscillator-like representation and U, CSs

In the Bose-oscillator-like representation the generators of the Uz Lie algebra can be taken
to be

Ki=blby  Ky=blb,  Kui=blby K. =blb. an

U, linear Casimir operator is a number operator N = b'z" by 4 bi"bl. All the higher U,
Casimirs are functions of N due to the fact that in realization (L1) we deal with fully
symmetric Uy representations that are labelled by the eigenvalues of N. As is well known
Uz = 8U; @ U; which means that the U, algebra can be decomposed into the direct sum

(K., K-, Ko = $(b3bs — b b)) @ (N} (12)
where generators K, K_, Ko span the SU; subalgebra
[Ky, K ]1=2K, [Ko, K] = 2Kz, (13)

Algebra (11) is easily seen to have 3-grading decomposition with respect to the U; & U,
subalgebra generated by Ky, Kz:

L:={K4} L_={K_} Lo = (K}, K3}

grading being achieved with the generator K. The lowest-weight state which is transformed
irreducibly under U; U, group action and is annihilated by the K_ operator looks as follows

llw) = in, 0 (14)
where

bibiln,m)=nin,m)  Brbanmy=mlmmy  nm=0,1,2,....
Due to equation (9) the U, €S can be written in the form

lor; my = (1 + |ae*)~"/* exp(ab by)ln, O) (15)

where the complex number & belongs to the coset space U; /Uy & U; which is isomorphic
to the complex projective space C P!, Note that ¢S (15) depends upon the representation
index n = 0—the eigenvalue of the linear Casimir operator. For every value of n the basis
in the U, representation space can be chosen as

lep) = |n — p, p} p=0,...,n
so that dim{|e,)} = n <4 1. The overlap of two states |, n} and |o; n) is given as
(oin]ain) =1+ P70+ 1) PAFEO (16)

An important property of these states is that they satisfy the completeness relation

[ tes el duae) = =Y leghe amn

p=0
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where the Us-invariant integration measure looks as follows

n+1l  da’
d = ———
() = o (1)
It is easily seen that
f (at; nlep) (eqler; m) dptn(e) = Bpq. (19)

As a result of equation (19), for any operator F acting in the (n + 1})D space spanned by
lep) one has ' ’

SoF = Y- tepl leq)ing = [ dun(e)er nlFles ) 20

p.q

The averages over U, CSs look as follows

(el Kot 1) = 1 +"la[z (o nKslaz n) =”1f ::F
i) = o e
(s ml (K-t m) = = f!p)! I ﬁ;z)p

(oz;niKoIcr;n)=%:}Z:z p=0,1,...,n

3. Path integral
Let us consider the path integral over U CSs for the partition function
Z =SpePH

where the Hamiltonian H belongs to the U; enveloping algebra. From equation (20) one
has

2= [ du@ites nie e ).
r=0 .

Defining ¢ as 8/N and using equation (17) we write, in the usual manner,

e
Z=3" f dpn(@) (e nlain; n{ens ale™ ¥ oy —1: n) (ay—1; nje™"
n=0".

<. -e"Fag; n{e; nler; n) dpn(an) . -dun(oto)- - (22)
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Up to the second order in € one has

(ej; nle™F|o;; n) = (o3 nlos; n) exp(—eHe(@;, @)
where

Hn(a’j, o) = (O-'j: n[Hle;; ﬂ}/(ﬂfj: nloy; n).
The integration over du,(e) in accordance with equation (20) yields

f dun (@) nlaw; nyloo; nle; n) = Splay; n){a; 2| = {o; rlay; r)

so that
z=) lm f ]‘[ dps ]_[(%Iaj 1) {otoloty) exp ( —¢ cha;,aj 1)) (23)
n=0 J=1

It can easily be checked that the terms of O(e2), € — 0 in (@;; nle™F|o;: n do not affect
the limiting form (23) (Berezin 1971).
For any state vector |y} which belongs to the (n + 1)D Hilbert space with an element

Pr(@)/(L + "2
where P, () is an arbitrary polynomial of degree m < n (Perelomov 1972), one has
W= [ dua@wiaye

which can be written in its components as

Yn(B) = f dpen () (25 2185 R)Yn(ct) Ynlet) = (Yla; n). (24)

Note that the reproducing kernel {«; r|B8;n) acts as a delta function with respect to the
measure dys, (). Due to equation (24) the integration over dug in (23) can be carried out
explicitly to yield

00 N N
Z=Y lim f dut...dpy H(ajgmj_;) exp (— €Y Huld, a,-_l)) ) (25)
w=p Voo i= =1 cp=ory
With «;j-1 = OtJ — &; it then follows
. n 0’151 a8 52
In{ajlaj— b= 2 I+ ]05152 'I'O( . (26)
In the continuous limit this yvields
20 n [fay—aa £
zZ= f D, (o) exp ( - —f ——ds — f H. (@, a) ds) (27)
,,Zl; a(0)=a(f) . 2Jo 1+|ef? 0

where the following normalization holds:

ﬂOfCY CZO‘.'
Du,(@)exp| —= ———ds }=8pl, = 1.
fa(m:a(ﬁ) Hn (@) p( 2]; 1+ |a]? ) pha=n+

Let us note that the partition function Z could be evaluated directly through the pointwise
representation (22), provided an explicit transformation of the €Ss under an appropriate
group action to first order in ¢ is known. This has recently been done for SUj,; dynamical
systems by Gerry (1989) and later for the SL,¢ case by Ellinas (1992). In this way, one is
led to a set of recursion relations on the group parameters which, in the limit ¢ — 0, gives
rise to a set of coupled first-order differential equations. The whole procedure requires long
calculations even in the simplest cases. In the next section, we will show that there exists
a direct way to evaluate the sum over paths in equation (27).
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4. Evaluation of the U; path integral
In order to illustrate how the general formula (27) works, let us take H in tl"le form

H = anbiby + wnblby + 1biby + Abyb! (28)

where wie» > |A)? for the Hamiltonian (28) is to be bounded from below. For the partition
function in accordance with equations (27) and (21) one gets

o0
7 = e~ tPlom)/2 f

where the quantity

I
Dy () exp ( - f Lp(a, ) ds) (29
) =a(B) ]

_n&dc—&a+n(w w)l-—iwlz p—
T 21+l 2T PR e 1+ o2

La n (30)

3
1+ Joe)?

can be defined as the Lagrangian. The Euler—Lagrange -;:.quations lead to the equations of
motion

& = {Hy, o}

where {, } is a Poisson bracket defined by

{A, B} =

_ U+’ [348B 24 ag]
da 3@ 9@ da |

This indicates that the classical phase space spanned by o and & is curved—in fact the
complex projective line C P! ~ 5? (Berezin 1975).
Due to the relation Us = SU; ® U, the general U transformation can be taken to be

U, = (i‘ﬁ ;_")eiq&

where |u|>+ |v]2 = 1 and 0 € ¢ < 2. The path integral in equation (27) can be evaluated
with the help of transformations of the integration variables which are induced by the U,
action in the coset space U, /U; @ U;. U acts in the integration space Uz/U; ® U; through
the following canonical fransformations:

o = o = (s + v) /(=5 + i) S}

~ where the group parameters u and v are kept constant. The integration measure du, (er) is
invariant under transformations (31). The same is true for the kinetic term, for example

fﬁ o g "’]ﬁ ¢  REA+D p
—_— — 05
o 1+ |a? d o 14 |e? —Ba+ i
G £ ds g+ B
= ds f G — Fd
fo 1+’ 1+la12( e+ )

f G # f aq '
= ———ds — dIn(vo — i) = d
fo 14 [ fo ¢ ) fa T+ aP
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where the total derivative can be dropped since a (0} = a(B).

Upon taking
u=%&0059 v—\/;—i':lsmg
c0s6 = 70 P/ sind = %(1 w2y (32)
Q=ver+ A2 o=LHoi—o) -

one eliminates the terms linear in A and A in the exponent of equation (29) which results in

Z = Zexp (—nﬁwl +co2) Zy .

where the path integral

n (& —da Pl—jaf?
Z =/ Dy (e) ex (———f ———-—d.s‘—-rz&'zf d.s‘) 33
SR NP unlet) exp 2J/o 14|cf? o 1+ ©3)

can be evaluated directly through the definition {25):

N
Z; = lim dpep...dey | [0 )a; )
n Neoo A E 7 il

i.e. by taking into account that

eZGQKn ]aj—l) = e—eﬂn Iaj-—lezeg)
one gets
N
Z, =e#%" Lim dps .. .dpew [ Jleyloyr6%). (34)
N—?-OO GQp=an j=1

By using decomposition of unity (i7) the integration over dgty ... dgy—y can be carried out
explicitly. This yields

2™ = [ dutomiand™ = [ au@elac®)
oy =0y

) n 2B n+1) _
= 26Q(n+1) (I+x)" e 1
=(n+1e _/c; dx (6262 4 yyn+2 T oeMa_q

which gives

= w1+ sich QR+ 1)
Z=Zexp(""ﬁlz ) smhpQ

r=0
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It then follows that

) + w2 m=n/2 .
Z = Zexp (—nﬁ ) > exp(=28Qm)

n=0 m=—n/2

which yields the correct spectrum
Epy oy = Hen + w2)(n1 +12) + Q(ny — 12) ny, ng 2 0.

At the end of this section it should be pointed out that the CSs (15), in fact. coincide with
those of the SU, group which can be parametrized by the points of the coset space SU,/U,;
(Perelomov 1972). This is merely due to the fact that U; = SU; ® U;. Thus, in order
to construct a path integral for a spin bystem with dimensionality 2/ + 1 one can employ
equations (21) where one must put j = —n For example, for the linear spin Hamiltonian

H=QKo+ K, +2 K- . Kom)=mlm)  m=—j, ~j+1,...,]
one gets
| 1P &G — G P (el
Z; =Spe~# = ; —'f ——d 9[ d
) =ope fD“’(“)ex"(_J o T4 O TV TR er®
) - f & L : :
—2ji | ——ds—2jx ds 35
/ fo T+l "~ TP ) : @)

which is readily evaluated with the help of substitution (31).

5, Path integral over Uy CS

Thus far, we have discussed the path-integral representations for the U, Lie algebra.
From the physical point of view ordinary Lie algebras are relevant for purely bosonic
(or fermionic) systems. For example, the partition function for a superfluid helium model
is expressed as a path integral over CSs associated with the non-compact SU; ; algebra
(Gerry and Silverman 1982). In the models of quantum optics, however, Hamiltonians that
include both bosonic and fermionic degrees of freedom principally appear. One needs then
to consider path integrals over super CSs associated with underlying superalgebras, For
example, the compact Uyy and non-compact OSP;; superalgebras turn out to be 8GAs for
Jaynes—Cummings and Rabi Hamiltonians, respectively (Buzano et al 1989). Note also that
it has recently been considered the path integral for OSP); €Ss (Schmiit and Mufti 1991).
Here we consider the simplest 90 unitary Us); supergroup that appears as the dynamical
group for various quantum-optical Hamiltonians.

In the oscillator-like representatmn the Usp generators can be taken to be (Bars and
Giinadyin 1983)

Lo = {biby, £ £,6] f. b1 fT} @ (b)ba} a6
Le={bif,blb) Lo =(byfT, bab])

where {f, fT} = 1. I then follows that equation (36) gives the 3-grading decomposition
with respect to the maximal compact subsupergroup with superalgebra Uy, © U;. Grading
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is achieved with the operator blbz. The operators in the first curly brackets in Ly form the
basis for the Uy); superalgebra. As is known, all the irreps. of Uy ® Uy superalgebra are
I or 2D (de Crombrugghe and Rittenberg 1983). The basis can be taken as

1D case: |eg) = |0, m)p ® |O)F

2D case: |e1) =[n—1, mp @ |1)r le2) = |n, mig @ [O}F
where use is made of the standard notation so that
fOE=0  fHO) = |1)s.

The Uy supergroup acts in the superspace which is formed as the Grassmann envelope of
the U,y superaigebra representation space (see, for example, Berezin and Tolstoy 1981).
The basis of this superspace is given as Jep} in the 1D case and |ez), {]e;) in the 2D case. Here
¢ is a Grassmann parameter and vector [e;) is chosen to have an odd grading (consequently,
lea} is even graded).

The lowest-weight vectors that are transformed imeducibly under the Uy; ® U
supergroup action and are annihilated by all L_ operators are as follows

[0, 0}z ® [O}F and jn, 0)p ® iO)p-l-é‘[n'— 1,008 ® |1)r. (37)

Due to formula (9) the Uy, CS can be represented in the form

L
|, 85 m) = (1+]ef*) ™/ exp (‘i

e ) @bl OalO-+Abl =1, O ).

(38

Notice that CS (38) depends upon ordinary and Grassmann parameters simultaneously while
the representation index n is now an eigenvalue of the Uy linear Casimir operator

N =blby +blbs + 7.

The overlap of the two states (38) is

) Al Al
(a’.B’;nlw,G;n)=(a’;n1a;n)exzv(—n % r 8% 50 ) 39)

2T+ R 21+wE  "Ttaa

where {o'; nlee; 1) is given by equation (16). Unity in the representation n is resolved as
= [ 163 m) @, 03 dun(e, 0) “0)

where the Uy invariant measure reads as follows

g 2 fdo
8 ) d?e d @1)

d =
o exP('1+]a|2 T+1aP =
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The Uy; path integral can be obtained by the same procedure as that used in the U, case.
The new point is that a more complicated kinetic term appears and the antiperiodic boundary
conditions for & are:

f G — ag
Z =8pefH = f Dy (ot,G)exP("— —
; e O=a(B) S O=—0F) 2/y 1+

n [f66— éB A (a'a — Gice)66 P
— —_—_ s — H{a, 0
+ 2fo T+ar 2[ A+ el .[o (e 6) ds) “2)

where
H(x,8) = (o, 0; n|H|e, €; ).

In the case when Uy is a spectrum generating algebra, ie. H belongs to the Uy
even subalgebra, path integral (42) can be calculated by a change in integration variables
in accordance with the U group action in the classical phas'e space which is isomorphic
to the coset Uy /Uy @ Uy,

Namely, the Uy; supergroup element in the fundamental representation can be defined

wr O A .
=(92 wn 93) Uty =1

Az 64 a3

as

where w; 33 and A; > are even Grassmann parameters and 8y 23 4 are the odd ones. Then,
" under the Uy); action the supervariable («, 8) € Uy /Uy @U; undcrgoes a linear fractionai
transformation (Bars and Giinaydin 1983)

o+ 68+ Ay Bty + @ 4 85
- QET AT T s T T (43)
Aot + 640 + w3 Ao + 838 + an

The integration measure in equation (42) remains invariant under transformations (43). By
specifying the Uy, parameters in equation (43) in the same manner as in the previous section
for the U, case, one can evaluate the path integral (42). This is equivalent to the direct
diagonalization of the Ham11t0n1an by means of appropnate Uy rotation in the super Fock
space.

6. Conclusions

In conclusion, some remarks have to be made. First of all, it should be pointed out that we
are dealing with CSs associated with finite-dimensional Lie algebras (superalgebras). As a
consequence, only quantom systems with finite degrees of freedom are being considered.
The next point is that the path integral over U; and Uy €8s turns out to be very
convenient in the semiclassical treatroent. In the general quantization scheme for curved
phase spaces developed by Berezin (1975) the representation index # labeliing CSs associated
with a group of motions of this phase space plays the role of 1/4. In the oscillator-like
representation this means a Jarge particle number limit. The stationary-phase method for
integrals (27) and (42) as n — oo leads to the classical Euler-Lagrange equations. The
important point is that by means of the substitution @ — «/+/% the integral (27) in the Hmit
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n — co goes to the ‘flat’ one with the standard measure Do Da. Thus, one can employ
standard methods in dealing with the SU, path integral in the limit of a large total spin.
This is in complete accordance with the fact that SU; CSs at large values of spin j go over
into the ordinary (Giauber) €8s (Perelomov 1972). For example, the partition function (35)
in the limit j = oo reads as

8 s
zj=eﬂﬁf'f DaD&exp(lf (o'etx—&de)ds—gf et ds — /27
a(Oy=er(B) 2J)o 0
g _ B
xf mds—ﬁ.}f )chds) (#4)
o) o _

where the coefficient A is supposed to be time-dependent. The path integral (44) is seen to
be easily calculated (see, for example, Dacol 1980).

As another example the nuclear Hamiltonian proposed by Lipokin, Meshkov and Glik
(LMG) which in the spin representation reads as (Lipkin et al 1965)

H=c¢ [Ko + {;(Ki + 1&)]

where the K; are the SU; generators of dimensionality 2j 4 1 with j = %n could be
considered. Here #n is the total number of particles in the LMG model, € and r are real
parameters. Note that H belongs to the SU; enveloping algebra. With the help of equations
(21) at p = 2 one can readily obtain the path-integral representation for the LMG model in the
form of equation (27). It should be noted that 2 Bohr—Sommerfeld quantization procedure
based on the SU(2) path-integral representation with large j = n/2 has successfully been
applied to the LMG model by Shankar (1980).

It should also be pointed out that representations (27) and (42) hold for Hamiltonians
that belong to the U; and Uy enveloping algebras, as has just beer mentioned for the SU,
case.

The final remark concerns linear fractional transformations (31) and (43). The U; and
Uy1 integration measures remain invariant under the corresponding local linear fractional
transformations. This means that one could iry to use them in calculating U and Uy path
integrals with parameters depending on time. These and related problems will be discussed
elsewhere.
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